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的效用进行贴现的情况。运用 KLSS（1986）的方法，我通过解 Hamilton Jacobian 
Bellman 方程求出财富继承的临界值 X(C1*)和 X(C2*)，经计算发现: 



























Optimal Choice of Risk Aversion of A Successor
June 7, 2011
Masters Program in Economics 2008, Xiamen University
Abstract
In this paper I study an optimal consumption-portfolio selection problem in which an
agent can choose to hand over his wealth and portfolio to two candidate agents. These
candidates are separated by their risk attitudes, with one agent more risk averse than the
original agent, and one more risk taking. I focus on the case where the original agent
admits hyperbolic discounting, thus discounting the utility of the candidate agents.
Using the methodology from KLSS (1986) I solved the Hamilton Jacobian Bellman
equation to nd the succession threshold wealths. We nd that when the original
agent's starting wealth is between succession threshold wealths x (c∗1) and x (c
∗
2) and if
x is an increasing function of c, the original agent will succeed to the risk averse agent
when his wealth falls to the lower threshold wealth level x (c∗1), and he will succeed to
the risk taking agent when his wealth rises to the higher threshold wealth level x (c∗2).
In some situations, for any solution that has 2 boundaries, there exists some c such that
x
′
(c) < 0. In this case, the original agent will have to compare the value of succeeding
to agent 1 vs the value of succeeding to agent 2 vs the value of keeping it himself, and
make his decision based on this comparison. When the starting wealth is below the
lower threshold x (c∗1), the original agent will succeed to the risk averse agent when his














threshold x (c∗2), the original agent will succeed to the risk loving agent when his wealth
falls to threshold wealth x (c∗2).
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1 Introduction and Literature Review
When one wants to ensure the long term success and growth over generations in a family,
a company, maybe even of a regime or country, the problem of succession becomes very
important. As economic and societal situations change, if one can hand over control and
power to a candidate most suited to lead an organization or institution through the economic
situation, the family, company, country, etc. will ultimately be able to accumulate much
wealth and inuence. The House of Baring, House of Morgan, Rockefellers and Rothschilds
were able to amass great wealth and inuence because they were able to successfully transfer
the wealth and knowledge throughout generations.
There are quite a few previous literature regarding the succession problem, as there were
many dierent approaches to this problem. Some papers, such as Dalton and Kesner (1985)
and Canella Jr. and Lebatkin (1993) focus on the forces that drive organizations to choose an
outside successor. Dalton and Kesner (1985) examined the notion that poor performance will
lead to outsider executive succession. By examining all the NYSE companies experiencing
CEO succession over one year, they found that both companies that performed well and
companies that performed poorly did not choose outside successors. However, they found that
companies that performed in the midrange chose outside successors. Canella Jr. and Lebatkin
(1993) challenged the notion that poor performance will increase the probability that an
outsider will be chosen as a CEO's successor. Instead, they suggested that sociopolitical
forces, such as the existence of an heir, and the ability of the original executive to inuence
the decision limit the extent to which directors react to poor outcomes, and thus make
succession events relatively unadaptive. However, when sociopolitical forces are weak, poor
performance is more likely to be linked to outsider succession. Furthermore, they considered
the eects of risk and return on outsider selection and found that when an incumbent had
little sociopolitical power, high levels of unsystematic risk were associated with outsider
selection.
Other studies, such as Grusky (1961) related rm size to the frequency of administrative
succession. Grusky (1961) found that organizational size was positively related to the fre-
quency of administrative succession at the top of the rm. He hypothesized that this occurred
because large bureaucracies are able to lessen the disruptive eects of succession, because the
members of a bureaucracy have a general orientation toward authority and are less inuenced
by personal loyalties. Also, given their stable and possibly rigid nature, bureaucracies need
periodic successions in order to adapt to the environment.
Schwartz and Menon (1985) examined executive successions in failing companies. They
found that failing companies were more likely to change the top management than healthier
rms. They also found that among these companies, outsider succession was more likely














Moreover, they found that although rm size had no impact on the decision to make CEO
changes, larger rms were more likely to seek outsider succession than smaller rms.
Some of the succession literature investigated the performance consequences of and stock-
holder reactions to succession. Shen and Canella Jr. (2002) examined the performance im-
pacts of successor type, postsuccession senior executive turnover at the top management
team level, and succession frequency at the organizational level using postsuccession rm
ROA used as the dependent variable. Instead of the traditional insider and outsider frame-
work, they divided insiders into contenders and followers and proposed that contenders and
followers dier in their strategic mandates and their ability to initiate strategic change. They
found that although there is no positive main eect on rm ROA of a successor contender,
senior executive turnover following a contender succession has a positive impact on rm per-
formance. Moreover, they found that both outsider succession and contender succession are
positively correlated with senior executive turnover. They also found that senior executive
turnover has a positive impact on rm ROA in contender succession, but a negative impact
in outsider succession. Moreover, they found that outsider successors may be benecial to
rm operations, but a subsequent loss of senior executives may outweigh any gains that come
from the outsider successors themselves. Finally, they found that in addition to successor
type and postsuccession senior executive turnover, the tenure of departing CEOs importantly
inuences rm operational performance. Smith and Amoaku-Adu (1999) tried to test the
impact of family succession on corporate value by comparing successors from within the fam-
ily with non-family insiders or outsiders. They found some evidence that poor performance
leads to the appointment of non-family members, or outsiders. However, the only signicant
factors that lead to the successor being a family member are a high number of family mem-
bers in senior management and the absence of another large blockholder, which may reect
disagreements between the family and the blockholder as to whom should assume the senior
executive position. Also, they found that the appointment of family members results in a
signicant loss to shareholders of -3.20% over the days surrounding the announcement, while
there is no negative reaction to appointment of non-family insiders and outsiders. However,
this may be more so because of the age of the successor, as outsiders and non-family insiders
tend to be more experienced. Finally, rms who appoint an outside successor have negative
long term stock performance after the succession, which is consistent with the high level of
turnover of senior management that these rms experience after succession. Friedman and
Singh (1989) viewed CEO succession events as instances of organizational change. They
found that poor pre-succession performance was associated with board initiation and prede-
cessor departure. Stockholder reactions were positive when pre-succession performance was
poor and either boards or, to a lesser extent, CEOs initiated successions. Successions that
occurred when performance had been good resulted in negative consequences, as did those














associated with no signicant stockholder reaction.
From the above, we see that there have been many dierent approaches to the problem
of succession. However, as seen in the introduction, the key to the succession problem is
choosing the next generation who has attributes most suitable to lead the family, organization,
company, or country in the economic and social situations that will arise in the future. One
of the most basic attributes of that leader we can look at is risk attitude. If we look at the
eld of nance, we see that the two main purposes in nance are to desynchronize income
and consumption across time and across dierent states. People generally want to have a
similar consumption level now as well as in the future, and because the future is uncertain,
people want to have similar consumption levels no matter what the state of the world is in
the future. Thus in general, people have an aversion to risk. The whole system of nance
thus was created so that people could shift their purchasing power across time, and across
states of nature, according to the amount of risk they are willing to take.
Thus, what I aim to do in my paper is to make the problem of succession a problem
of choosing the optimal risk aversion for the next generation. As time goes by, wealth will
inevitably change because of the uncertainty that is inherent in the future, and accordingly,
since risk aversion attitude is greatly related to the amount of wealth we have, our ability to
bear risk will change. The problem of succession would then become this; as wealth changes,
what would be the optimal choice of risk attitude for the next generations if we are to ensure
prosperity, stability, and growth throughout generations? As a stepping stone to solving
this problem, I devise a two period model where an agent chooses between two candidates to
succeed to, one who is more risk averse then the original agent, and one who is less risk averse.
To closer model reality, I incorporate hyperbolic discounting in the original agent's decision,
noting that because of lack of trust, the original agent will discount the future generation's
utility by an additional amount.
From the above, we see that my paper is very general and theoretical. However, this does
not mean it has no real world signicance. For instance, this framework can be applied to
the case of proprietorships or family owned businesses, where the owner has to make a choice
among a few candidates to become the next executive ocer. It can also be applied in the
case of autocratic dynasties or dictatorial regimes, where the leader has to choose an heir
to their throne. It can also be applied in the macroeconomic sense, where the benevolent
dictator must decide upon the risk attitude the next generation's dictator must have, in order
to ensure the well being of the economies' agents. Further extensions are possible to make
the model encompass many other situations, which will be discussed later in the conclusion.
The paper is organized as follows: Section 2 provides the model, including setup, maxi-
mization function of the original agent in the case where there is no succession, and maxi-
mization function in the case where there is succession. Section 3 provides comparative static
















Section 4 concludes and gives possible extensions of the paper for future research.
2 Model
2.1 Setup
There will be 3 agents in this model:
1. The original agent, or the one who will be succeeding to one of the other agents
2. There will be two succession candidates. The dierence between themselves and the
original agent will be this:
(a) Holding discount rate ρ constant, γ2 < γ0 < γ1, or candidate 1 will be more risk
averse than the original agent, while candidate 2 will be less risk averse than the
original. I will assume 1 < γ2 < γ0 < γ1 here to be consistent with the literature.
The agents operate in a nancial market with initial wealth x0 = x
dP0t
P0t
= rdt; risk free bond
dP1t
P1t
= µdt+ σdBt; risky stock
We will also assume that u(x) =
x
1−γ
1−γ γ 6= 1
log x γ = 1
: CRRA
2.2 Maximization Function of Original agent Without Succession
What is the utility maximization function of the original agent when he will not succeed















Agent i, i ∈ (0, 1, 2), where:
i = 0; Original agent, with γ = γ0
i = 1; Succession candidate with γ = γ1
i = 2; Succession candidate with γ = γ2
will choose consumption and invest into stocks and bonds to maximize his utility.
Each individual will be choosing ct and πt to maximize his utility, where πt is the dollar
amount invested into stocks. Thus, each will solve





Because each agent operates in a nancial market like the above, his wealth will evolve
according to the following wealth evolution equation:
dxt = {rxt + πt (µ− r)− ct} dt+ πtσdBt
This comes from
Hamilton Jacobian Bellman Equation
Heuristic derivation:
ρVtdt = max [ui (ct) + E [dV ]]
where ρVtdt is instantaneous utility of return, ui (ct) is dividend, and E [dV ] is capital
gain




Vxx 〈dx, dx〉+ Vtdt








but since the problem is time homogeneous, ∂V
∂t














E [dV ] =
{

















Which is the HJB equation.
So the FOC of the HJB equation will be:
For ct
u′ (ct)− Vx = 0
→ ct = u′−1 (Vx)
For πt
(µ− r)Vx + Vxxσ2πt = 0


















− ρV = 0
for CRRA utility u (c) = c
1−γ





, i ∈ 0, 1, 2 (1)












, since if T → ∞ a time
homogeneous problem is not a function of t.
(example): if u (c) = c
1−γi
1−γi > V (x) = K
−γi x1−γi





















u′ (c) = c−γi
From the FOC for ct,we have Vx = u
′ (c), so
c−γi = K−γix−γi
→ c = Kx







, i ∈ 0, 1, 2 (2)









know how much consumption will change because stocks are available to invest.
• If γ > 1, we will consume more, proportional to the SharpeRatio2
• If γ < 1, we will consume less, proportional to the SharpeRatio2
Also:
• ρ : discount rate; if it is large, the person is more impatient
• 1
γ
: elasticity of intertemporal substitution; if large, wants to substitute more of future
consumption for today's consumption
 If ρ > r, consumption and wealth decline steadily (since we are consuming more














 If ρ < r, consumption and wealth increase steadily (since we are consuming less
than interest, wealth grows and we can consume more in the future)
• If the Sharpe Ratio (θ) goes up, there are two eects
 Substitution eect: consumption goes down, since future consumption has become
cheaper (since stock return >r)
 Wealth eect: consumption goes up, because total consumption goes up
∗ If γ > 1, wealth eect dominates (More risk averse, or conservative)
∗ If γ < 1, substitution eect dominates (Less risk averse, or aggressive)
2.3 Maximization Problem of Original Agent when Wealth is Be-
tween X (C∗1) and X (C
∗
2)
Now we look at the original agent's maximization problem. For simplicity, we will assume
CRRA utility for all agents throughout the whole paper.
2.3.1 Problem When X
′
(C∗1) ≥ 0, X
′
(C∗2) ≥ 0, X
′
(C) ≥ 0
The original agent will solve:





e−ρtu0 (ct) dt+ δM1e
−ρτ1V1 (xt) 1{τ1<τ2} + δM2e
−ρτ2V2 (xt) 1{τ1>τ2}
The agent will not only choose consumption and invest in stocks and bonds to max the
present value of his utility, but he will also choose a time τ1 or τ2 to hand over his wealth and
portfolio to candidate 1 or 2. We can see if τ1 < τ2, the above equation becomes an equation














We can see here that the original agent will discount the successor's utility by an additional
amount δMi, because he realizes that the successors will have dierent risk attitudes (signied
by dierent relative risk aversion coecients γi). This is the hyperbolic discounting.
However, since the utilities of the successor agent and the original agents are cardinal
utilities, there is no direct way to compare the utility of one of the successor agents versus
the original agent, especially since the utilities will be negative (γi > 1). We will use a
utility discount factor Mi, i ∈ (1, 2) which will discount the future agent's utility to a form
relevant to the original agent. Of course, this formulation will have some limitations in how
it models the linkage between the current agent's utility and future agent's. However, the
above formulation can be a starting point, and future works can be done elaborating how
the present agent will discount the future agent's utility. I believe there is much interesting
research to be done in this area. So before τ1 or τ2, if we choose not to retire, then the FOC














− ρV0 = 0
Using the technique found in Karatzas, Lehoczky, Sethi and Shreve (KLSS) (1986) we
have
c = c (x)←→ x = x (c)
→ x (c (x)) = x, c (x (c)) = c
so
V ′ (x) = u′0 (c (x)) = u
′ (c (x))
Dierentiate with respect to x, we have
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